Effective bounds for semipositive sheaves In this note we prove an effective version of the positivity theorems for certain direct image sheaves for fibre spaces over curves and apply it to obtain bounds for the height of points on curves of genus g 2 over complex function fields. Similar positivity theorems over higher dimensional basis and their applications to moduli spaces [13] were presented by the second author at the conference on algebraic geometry, Humboldt Università zu Berlin, 1988 .
Let X be a complex projective surface, Y be a curve and f : X ~ Y be a surjective, non isotrivial morphism with connected general fibre F. In 1963 Y. Manin [6] showed that the number of C(Y) rational points of F is finite if the genus g of F is larger than 1. A C(Y) rational point p ~ F gives rise to a section 03C3: Y -X of f. If one assumes that the fibres of f do not contain exceptional curves the height of p with respect to 03C9F is h( p) = h(03C3(Y)) = deg(03C3*03C9X/Y). It is well known that Manin's theorem "the Mordell conjecture over function fields" can be proved by bounding h(03C3(Y)) from above for semistable morphisms f. The main result of this note is: THEOREM 1. Assume that f : X ~ Y is relatively minimal. Let 4.10) .
Effective bounds for the height were first given by A. Parshin [8] and, in arbitrary characteristics, by L. Szpiro [9] . In [15] A. Parshin announced that, using H. Grauert's proof [4] , it is possible to bound h(03C3(Y)) by a polynomial of degree 13 [14] and from this paper, this could be done. In fact, the methods used in the first part are overlapping with those used in [1] to prove Dyson's lemma in several variables. Hence the relation between [14] and this paper might be quite close.
The experts will see immediately that the second step in our proof is not too different from the arguments used by Y. Manin [6] , H. Grauert [4] and L. Szpiro [9] . The "Parshin-construction" used in [8] and [9] , however, is replaced by the effective bounds on the "positivity of certain direct image sheaves". This part (see 2.4 for the exact statement) is presented in the first two sections of this article. Without having any other application, we took Theorem 1 as a pretext allowing us to work out for fibre spaces over curves an effective version of the results of [11] . The reader not familiar with the notations used there should have a look to S. Mori's survey article [7] .
In 0 for all curves C in Z. We will say that 2 is g-numerically effective if deg(F|C) 0 for all curves C in Z with dim(g(C)) = 0. K(2) denotes the Iitaka dimension of 2 (see [7] for example) and cvzjx = coz 0 g*wx 1 the difference of the canonical sheaves. (1.5) Let in the sequel Y be a nonsingular compact curve, X a projective manifold of dimension n and f : X ~ Y a surjective morphism. The general fibre of f will be denoted by F. Let 2 be an invertible sheaf on X.
All estimates of sld(f*(F ~ 03C9X/Y)) will follow from the following corollary of Fujita's positivity theorem [3] (see [11] Proof. If Y is numerically effective, the dimension of the higher cohomology groups of m·N is bounded from above by a polynomial of degree n -1 in m.
Since the Leray spectral sequence gives an inclusion the same holds true for h1 (Y, f, m·N) .
The Riemann-Roch-Theorem for vector-bundles on Y and for invertible sheaves on X implies that Then, using in the same way the Riemann-Roch on F and taking the limit over m we get 2.5 from 2.4. REMARK 2.6. Especially for those, mostly interested in the case that f is a family of curves, it might look quite complicated that the proof of 2.5 and 2.4 forced us to consider higher dimensional fibre spaces. In fact, if one is just interested in 2.5 this is not necessary and we sketch in the sequel a proof which is avoiding the products in 2.3 and 2.4: If p is a point on Y the Riemann-Roch theorem shows that h0(Y,f*N·m~OY(-h·p)) is larger than or equal to deg(f*N·m) -rank(f*N·m)·(h + q -1). Therefore, whenever we have we will find an inclusion of OY(+h·p) in fY'*'. Applying 1.9 and 2.3 (for r = 1) we obtain the same inequality as in 2.4, except that we have to add a -q on the right hand side. Since in the proof of 2.5 we were taking the limit over m anyway, this is enough to obtain 2.5.
Examples and applications
The first application of 2.4 is not really needed in the proof of theorem one and it is just added for historical reasons. Moreover for v &#x3E; 1,f*wx/y is ample, (if it is not trivial).
Proof. Results due to J. Kollar and the second author show that 03BA(03C9X/Y ) = dim(X) (see [7] or [13] , §1(c) for example). In fact, one first shows that deg( f * 03C9N·mX/Y) &#x3E; 0 for m » 0 and then one uses methods similar to those used in the proof of 2.4 to show that f*03C903BCX/Y is ample for 1À » 0. Then mx jy will be ample with respect to a neighbourhood of F and the inequality follows then from 2.4 for 2 = X/Y By 1.4(a) f*03C9vX/Y will be ample whenever it is not trivial. EXAMPLE 3.2. Assume that X is a surface, and moreover that f is a non isotrivial family of curves of genus g 2. On the other hand, near C the sheaves 03A91X/Y~D~ and ())x/y coincide and, using the notations introduced above, one has Proof of 4.11. The question is local in Y and we may replace G by the ramification group of some p E Y'. Hence we assume Y to be a small disk and G = ~03C3~ to be cyclic of order N. Let Q = B n -1(P) ~ T. We can find local coordinates x and y near Q, such that x is the pullback of a coordinate on Y', and such that the zero set of y is B. Moreover we can assume that Q(x) = e x and 03C9(y) = e03BC· , where e is a primitive Nth root of unit and O 03BC N. Blowing up Q we obtain T and local coordinates x' and y' near Q' -~'-1( p) n B' with x' = x and y' = y/x. Therefore Q(x') = e x' and 03C3(y') = e"' . · y' for J1' = J1 -1. However, we do not know any reasonable criterion implying that 03B4n-1 ~ 0.
